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4a. Lista de exerćıcios

A Teoremas de Rolle e Lagrange:

1. Use o Teorema de Lagrange para deduzir as seguintes desigualdades:

(a) | sinx− sin y| ≤ |x− y| para quaisquer x, y ∈ R.

(b) | cosx− cos y| ≤ |x− y| para quaisquer x, y ∈ R.

(c) nyn−1(x− y) ≤ xn − yn ≤ nxn−1(x− y), se 0 < y ≤ x e n ∈ N.

2. Mostre que se f é de classe C1 em [a, b], com a < b ∈ R, então existe c ∈ [a, b] tal que |f(x)−f(y)| ≤
c|x− y|, quaisquer que sejam x, y ∈ [a, b].

3. Seja g : R −→ R diferenciável, com derivada g′ : R −→ R cont́ınua e limitada e g(0) = 0. Mostre
que se h : R \ {0} −→ R é dada por

h(x) =
g(x)

x
, x ∈ R \ {0},

então h é limitada em R \ {0} e é prolongável por continuidade a zero.

4. Seja f : R −→ R uma função diferenciável. Mostre que:

(a) Se lim
x→+∞

f(x) = α ∈ R e lim
x→+∞

f ′(x) = β ∈ R, então β = 0.

(b) Se lim
x→+∞

f ′(x) > 0 então lim
x→+∞

f(x) = +∞.

(c) É posśıvel que lim
x→+∞

f(x) = α ∈ R e não exista lim
x→+∞

f ′(x).

(d) É posśıvel que lim
x→+∞

f ′(x) = 0 e não exista ou seja infinito lim
x→+∞

f(x).

B Regra de Cauchy:

1. (a) lim
x→0

sinhx− sinx

x3
(b) lim

x→0

log(cos(ax))

log(cos(bx))
(c) lim

x→0

x cotx− 1

x2

2. (a) lim
x→+∞

2x

x2
(b) lim

x→−∞

2x

x2
(c) lim

x→1−
log(x) log(1− x)

3. (a) lim
x→0+

x2 sin(1/x)

sinx
(b) lim

x→0+
sin(x) log(x) (c) lim

x→0

e−1/x2

x1000

4. (a) lim
x→0+

e−1/x

x
(b) lim

x→0+
x log

(

x

x+ 1

)

(c) lim
x→+∞

x log

(

x

x+ 1

)

5. (a) lim
x→1+

(log x)x−1 (b) lim
x→+∞

sin(1/x) log(x) (c) lim
x→+∞

sin(1/x)ex

6. (a) lim
x→0+

(ex − 1)x (b) lim
x→0+

x(ex−1) (c) lim
x→0

sin(x) sin(1/x)

7. (a) lim
x→+∞

x1/4 sin

(

1√
x

)

(b) lim
x→+∞

(2 + x3)(1/ log(x)) (c) lim
x→+∞

(3 + x2)(1/ log(x))
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8. (a) lim
x→0+

(sinx)x (b) lim
x→0

(cos x)1/x (c) lim
x→0

(1− cosx)x

9. (a) lim
x→0+

(

1

x

)sin x

(b) lim
x→+∞

(

sin

(

1

x

))1/x

(c) lim
x→+∞

(

cos

(

1

x

))x

10. (a) lim
x→0+

(cosx)1/x
2

(b) lim
x→+∞

(

cos

(

1

x

))x2

(c) lim
x→+∞

(

sin

(

1

x

))1/x2

11. (a) lim
x→0+

(sinx)1/ log x (b) lim
x→+∞

x
1

x−1 (c) lim
x→0+

(1− cosx)1/ log x

12. (a) lim
x→1+

xlog(log x) (b) lim
x→+∞

(

sin

(

1

x

))
1

log x

(c) lim
x→0+

x(xx

−1)

13. (a) lim
x→0+

x(xx) − 1 (b) lim
x→0−

(1− 2x)sin x (c) lim
x→0+

(tanx)sin x

14. (a) lim
x→0+

x1/ log x (b) lim
x→0+

(

log

(

1

x

))x

(c) lim
x→0+

arctan
√
x√

x

15. (a) lim
x→−∞

x arcsin(1/x) (b) lim
x→+∞

x arcsin(1/x) (c) lim
x→0

arctanx

x

16. (a) lim
x→+∞

sin(1/x)

arctan(1/x)
(b) lim

x→0

arcsin(2x)− 2 arcsin(x)

x3

17. (a) lim
x→+∞

(

π

2
− arctan(x)

)1/x

(b) lim
x→−∞

(

π

2
+ arctan(x)

)1/x

C Representação gráfica de funções:

1. Determine intervalos de monotonia, extremos, concavidades, inflexões e asśımptotas e esboce gráficos
de:

1. (a) x+
1

x2
(b)

1

(x− 1)(x− 3)
(c)

x2 − 4

x2 − 9
(d) xe1/x

2. (a)
x

1 + x2
(b)

|x|
1− |x| (c) x2e−x (d)

x

1 + log x

2. Considere a função f : [0,+∞[−→ R, cont́ınua no ponto 0 e tal que

f(x) =
√
x log(x), x > 0.

(a) Calcule f(0).

(b) Obtenha equações para as tangentes ao gráfico de f nos pontos com abcissa x = 0 e x = 1.

(c) Determine os intervalos de monotonia, extremos, concavidades, inflexões e asśımptotas da
função f .

(d) Esboce o gráfico de f e indique qual o seu contradomı́nio.

3. Considere a função f : R −→ R definida por

f(x) = |x|e−x2/2, x ∈ R.

(a) Calcule lim
x→−∞

f(x) e lim
x→+∞

f(x).

(b) Determine justificando os pontos onde f é diferenciável e calcule a sua derivada.

(c) Determine os intervalos de monotonia, extremos, concavidades, inflexões e asśımptotas da
função f .

(d) Esboce o gráfico de f e indique qual o seu contradomı́nio.
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